Abstract. We study localizations of an extriangulated category B and localizations of hearts of twin cotorsion pairs on B. We also give a generalized nearly Morita equivalence between the certain localizations of hearts of cotorsion pairs.
Introduction
When we say localization in this article, we mean Gabriel-Zisman localization which is introduced in [GZ] . A well-known example of such localization is the bounded derived category of a module category, it is a localization of homotopy category of complexes. An example on triangulated categories is given in [BM] by Buan and Marsh. They proved that the category of finite-dimensional modules over the endomorphism algebra of a rigid object in a Hom-finite triangulated category is equivalent to the localization of the category with respect to a certain class of morphisms. More localizations are discussed in [BM2] and also [MP] .
Since extriangulated categories generalize both triangulated and exact categories, so one may ask if we can do a similar job on extriangulated categories.
In this article, we study different kinds of localizations of extriangulated categories. Throughout this article, let (B, E, s) be an extriangulated category as defined in [NP] (see §2 of [NP] for details). Any subcategory discussed in this article will be full, additive and closed under direct sums. Let P (resp. I) be the subcategory of projectives (resp. injectives).
Let k be a field. Denote by Mod E the category of contravariant additive functors from a category E to k vector space for any category E. Let mod E be the full subcategory of Mod E consisting of objects F admitting an exact sequence: where E 0 , E 1 ∈ E. mod E is abelian if E has pseudo-kernels (see [Au, §2] ).
The first author is supported by Knut and Alice Wallenberg foundation program for mathematics.
Let D be a subcategory of B. Denote the ideal quotient of B by D as B = B/D and π : B → B be the canonical quotient functor. For any morphism f ∈ Hom B (X, Y ), we denote its image in Hom B (X, Y ) by f .
For any subcategory B 1 of B containing D, similarly we put B 1 = B 1 /D. This is a full subcategory of B consisting of the same objects as B 1 .
Let B 1 , B 2 be two subcategories of B, denote by Cone(B 1 , B 2 ) the subcategory of objects X admitting a conflation B 1 B 2 ։ X where B 1 ∈ B 1 and B 2 ∈ B 2 . Dually we can define CoCone(B 1 , B 2 ).
We show the following theorems. Theorem 1.2. Let B be skeletally small, having enough projectives and enough injectives. Let C be a rigid, contravariantly finite subcategory contains P. Let U be the syzygies of C. Let π : B → B/P be the canonical quotient functor. Then there is an equivalence between mod(U/P) and the localization B R of B respect to a class of morphisms R such that Hom B/P (−, π(f ))| U /P is invertible if and only if f ∈ R.
In these cases we call B is localizable at U. (In the second case put D = P) A special case of our theorems is the following (see [BM, §1, Theorem] Many examples can be also found when B is an exact category. We also consider localizations of the heart of a twin cotorsion pair on B. Two different cases are discussed, one (see Proposition 5.4) is a generalization of the main result in [BM2] , the other (see Theorem 6.6) is a the localization associated with the mutation of a rigid subcategory.
Moreover, we have the following theorem, which generalizes [MP, Theorem 2.9, 3 .2].
Theorem 1.4. Let B be an extriangulated category with enough projectives and enough injectives. Let C ⊂ C be two subcategories such that both are rigid. Let C ⊂ C ′ be a rigid subcategory such that CoCone( C, C) = CoCone(C ′ , C), Assume we have three twin cotorsion pairs 
Preliminaries
Throughout this article, let (B, E, s) be an extriangulated category defined in [NP] (see §2 of [NP] for details). Let P (resp. I) be the subcategory of projectives (resp. injectives). We fix a subcategory D, let C ⊃ D be a subcategory of B.
A subcategory B 1 is called contravariantly finite if any object in B admits a right B 1 -approximation which is also a deflation, note that in this case P ⊆ B 1 . Dually we can define covariantly finite.
We first recall the following proposition ( [LN, Proposition 1.20] ), which (also the dual of it) will be used many times in the article.
δ be any E-triangle, let f : A → D be any morphism, and let
Then there is a morphism g which gives a morphism of E-triangles
Lemma 2.2. mod C is abelian if C and D are contravariantly finite.
Proof. It is enough to show that C has pseudo-kernels. Consider a morphism f ∈ Hom C (C 1 , C 0 ). C 0 ad-
Then there is a commutative diagram of exact sequences:
which implies a conflation:
We claim that gk is a pseudo-kernel of f . If f h = 0 for a morphism h ∈ Hom B (C, C 1 ) with C ∈ C, then there exists an commutative diagram:
Since k is a right C-approximation of L, we have the following commutative diagram: C~⑥
and h factors though gk.
Lemma 2.3. G C is a functor from B to mod C if C is contravariantly finite.
Proof. For any object A ∈ B, it admits a conflation
For any object C ∈ C, we have the following complex
If there is a morphism h ∈ Hom B (X, C 0 ) such that f 0 h = 0, then there exists an commutative diagram:
Hence h − h ′ h 1 factors through g 0 , which implies h factors through f 1 . Since f 0 is a right C-approximation, we have an exact sequence
This implies an exact sequence Hom B (−, Proof. Assume C is closed under direct summands and isomorphisms and we have a conflation
where C 1 , C 2 ∈ C, then x is an inflation and it admits a conflation
E(C 2 , C 1 ) = 0, we have a morphism f : C 1 → C 1 such that f x = x and f y = 0. Hence we have the following commutative diagram.
is an isomorphism. Since C is closed under direct summands and isomorphisms, we have C ∈ C. 
Remark 2.6. For any cotorsion pair (U, V) on B, the following holds. Definition 2.8. For any twin cotorsion pair ((S, T ), (U, V)), put W = T ∩ U and call it the core of (U, V). We define as follows.
(a) B + is defined to be the full subcategory of B, consisting of objects B which admit a conflation [LN, Theorem 2.32] . In particular, the heart of the twin cotorsion pair ((U, V), (U, V)) is called the heart of (U, V), it is abelian by [LN, Theorem 3.2] . Proof. Since B has enough injectives, any object A ∈ B admits a conflation
C is rigid, hence B 1 ∈ C ⊥1 . We have the following commutative diagram
The following lemma is used later.
Lemma 2.11. Let (U, V) be a cotorsion pair and H be its heart. If we have a short exact sequence
Proof. For morphism g, we have the following commutative diagram
where V C ∈ V and W C ∈ W. Then we obtain a conflation
By [LN, Lemma 3 .1], K g ∈ B − ; by [LN, Lemma 2 .10], K g ∈ B + . Hence K g ∈ H and we get a short exact
Localizable subcategory
In this section, let U ⊃ P be a contravariantly finite subcategory of B and D ⊂ U.
is surjective for any D ∈ D.
Proof. For any morphism α : 
is surjective, we have the following commutative diagram.
Replacing f 0 by f 0 − bc, we have a commutative diagram of conflations
Let R be the class of deflations f : Y → X satisfying:
(2) There exists a conflation
Proof. Let b : B → X be any morphism, since B admits a conflation
is surjective, we get the following commutative diagram
Since Z ∈ U ⊥ , we get that a factors through an object D ∈ D. Since Hom B (u, D) is surjective, a factors through u, hence b factors through f by [NP, Corollary 3.15] .
By Lemma 2.3, this implies that the following sequence is exact:
3.1. Cotorsion Pairs. Let U be rigid and put U ⊥1 = V, we assume (U, V) is a cotorsion pair.
Lemma 3.5. The functor G U is dense.
Proof. Let F ∈ mod U, then it admits an exact sequence
We have a morphism f :
− −−−− → B is a right U-approximation. By the same method as in Lemma 2.3, we get an exact sequence
Proof. For any object X ∈ B, it admits a conflation
Thus we have the following commutative diagram.
Z ∈ U ⊥ since any morphism from U to Z factors through D. From the above diagram we get a conflation
Since we have a conflation
3.2. Syzygy of Rigid Subcategory. Assume B has enough projectives and enough injectives. We define Ω 0 C = C and Ω i C for i > 0 inductively by Ω i C = CoCone(P, Ω i−1 C). We call Ω i C the i-th syzygy of C, by this definition we have P ⊆ Ω i C, i > 0. Dually we define the i-th cosyzygy Σ i C.
Lemma 3.8. If C is contravariantly finite, so is ΩC.
Proof. Let B ∈ B be any object, since B has enough projectives and enough injectives, B admits conflations
There exists a right C-approximation f : C → ΣB since C is contravariantly finite. C admits a conflation 
Let ΩC ′ be any object in ΩC admitting a conflation ΩC
, then we have the following commutative diagram of conflations:
There exists a morphism c : C ′ → C such that cf = f ′ , hence we also have the following commutative diagram of conflations:
Hence we get two morphisms (h ′ , f ′ ) and (ah, cf ) between conflations, then (h ′ −ah, 0) is also a morphism between conflations, which implies that h ′ − ah factors through P , hence P B . Thus there is a morphism q : ΩC ′ → P B such that p B q = h ′ − ah. We have a ΩC-approximation ( h pB ) : ΩC ⊕ P B ։ B which is also a deflation by [LN, Proposition 1.20] .
Definition 3.9.
(1) C satisfies condition (RCP) if C is rigid, contravariantly finite, closed under isomorphisms and direct summands.
(2) C satisfies condition (TRCP) if C satisfies condition (RCP) and P ⊂ C.
Put U = ΩC and D = P, assume C satisfies condition (TRCP).
Lemma 3.10. The functor G U is dense.
We have a morphism f : U 1 → U 0 . Since U 1 admits a conflation U 1 
where P 1 ∈ P and C 1 ∈ C, we get the following commutative diagram
then hb factors through P, which implies b factors through g. Hence Hom B (U, U 0 )
is surjective. Let u : U → U 0 be any morphism such that gu = 0, which implies u factors through f , hence we get an exact sequence Hom B (−, U 1 )
Proof. We have P ⊂ U since P = C. Hence by definition B is localizable at U. For any object X ∈ B, by Lemma 3.8, it admits a conflation
where P ∈ P and C 1 ∈ C. Thus we have the following commutative diagram
We first check that Z ∈ U ⊥ . Let U ∈ U and a : U → Z be any morphism, since C is rigid and P ⊂ C, we have E(C, P) = 0, hence za factors through a projective object P . We have the following diagram:
where za = cb. Since P is projective, there exists a morphism d : P → C 1 such that c = zd. Hence z(a − db) = 0 and there exists a morphism e : U → V 0 such that ve = a − db. Since f 1 is a right U-approximation, there exists a morphism h : U → U 1 such that f 1 h = e. Hence vf 1 h = ph 1 h = a − db, a = 0, which implies Z ∈ U ⊥ . We get a conflation
Since h is a left P-approximation, we have Hom B ( g0f1 h1
, P 0 ) is surjective for any P 0 ∈ P. Hence Y ∈ B(U).
Under such setting, one can easily check that U ⊥ = C ⊥1 . By Lemma 2.10, (C, C ⊥1 ) is a cotorsion pair.
Lemma 3.12. For any object C ∈ C which admits a conflation
Proof. Let X be an object in B, we have the following exact sequence
Since E(C, P) = 0, we have Hom B (ΩC, X) = Hom B (ΩC, X)/ Im(Hom B (a, X)), the morphism (δ ♯ ) X induces an isomorphism (δ ♯ ) X : Hom B (ΩC, X) → E(C, X). Let f : X → Y be a morphism in B, we have the following commutative diagram of exact sequences
which induces the following commutative diagram.
Hence Hom B (ΩC, π(−)) ≃ E(C, −).
Since (C, C
⊥1 ) is a cotorsion pair, we have E(C, f ) = 0 if and only if f factors through C ⊥1 . Then we have the following corollary. Let H be the heart of (C, C ⊥1 ), we have the following lemma.
Lemma 3.14. B(U) = H.
Proof. By definition, B ∈ H if it admits a conflation
where P ∈ P. B ∈ B(U) since any morphism from U 0 to P factors through P , hence factors through u.
If B ∈ B(U), It admits a conflation
where U 0 , U 1 ∈ U and Hom B (u, P ) is surjective when P ∈ P. Since U i admits a conflation U i P i ։ C i where P i ∈ P and C i ∈ C, we have the following commutative diagrams:
Hence B admits a conflation B ⊕ P 0 C 0 ⊕ P 1 ։ C 1 . Since H is closed under direct summands by Lemma 2.4, we have B ∈ H.
Localization I
Let B be skeletally small. We assume one of the following localizable condition:
(a) (U, V) is a cotorsion pair and B is localizable at U/D. (b) B has enough projectives and enough injectives, U = ΩC where C satisfies condition (TRCP).
Let R be the class of morphisms a : A → B such that G U (a) is an isomorphism. Then R ⊆ R. Let B R (resp. B R ) be the Gabriel-Zisman Localization of B at R (resp. R) and L R (resp. L R ) be the localization functor. By Lemma 3.4, we have the following commutative diagram.
We show that G is an equivalence, and hence L R inverts all the morphisms in R, then we have a unique functor I : B R → B R such that L R = L R I. This implies JI = id and IJ = id, which means G is also an equivalence.
Since a morphism from A to B in B R is a composition of morphisms in B and the formal inverse f −1 of morphisms f ∈ R, we have the following lemma.
Lemma 4.1. Every morphism from A to B in B R has the form A
Proof. Assume we have a composition X 1
By Theorem 3.6 or 3.11, X i admits a conflation We need the following lemma, the prove can be found in [BM] . Proof. By Lemma 3.5 or 3.10, G is dense. We show G is full.
Let α : G(X 1 ) → G(X 2 ) be a morphism. By Theorem 3.6 or 3.11, X i admits a conflation
where f i ∈ R and Y i ∈ B(U), then we have an isomorphism G U (f i ) and
1 gf 2 ). We show G is faithful. By Lemma 4.1, it is enough to check G(a 1 ) = G(a 2 ) implies a 1 = a 2 in B R where a 1 , a 2 are morphism from X 1 to X 2 in B. By the discussion above, we have
This implies b 1 − b 2 factors through U ⊥ by Lemma 3.7 or Corollary 3.13. Hence by the previous lemma, we have
By this theorem and Lemma 3.7, Corollary 3.13, we have the following corollary.
Moreover, under condition (b), we have the following observation: Let H be the heart of (C, C ⊥1 ) and H : B → H be the cohomological functor defined in [LN, Definition 2.34] , note that H| H = π| H where π : B → B is the canonical quotient functor. By Lemma 3.12 and 3.13, G U (f ) = 0 if and only if f factors through C ⊥1 , and hence by [LN, Proposition 2.22 ], if and only if H(f ) = 0. Thus we have a functor G ′ : H → mod U, which is faithful by the previous argument. Since B(U) = H by Lemma 3.14, we get G ′ is full and dense by Lemma 3.2 and 3.10. Hence G ′ is an equivalence. Moreover, by [LN, Theorem 3.5] , H(f ) is an isomorphism if and only if f ∈ R, hence there is an functor K : B R → H which makes the following diagram commutes.
G is an equivalence by Theorem 4.3, hence K is also an equivalent.
Localization II: calculus of factors
Throughout this section, let (S, T ), (T , V) be an twin cotorsion pair. By definition S is rigid.
Definition 5.1. (cf. [R, Proposition 1]) A preabelian category A is called left integral (resp. left semiabelian) if in any pull-back diagram
A a G G b B c C d G G D in A, the
morphism a is an epimorphism whenever d is an epimorphism (resp. a cokernel) morphism. Dually define a right integral (resp. right semi-abelian) category. A is called integral (resp. semi-abelian) if it is both left and right integral (resp. semi-abelian).

Proposition 5.2. If we have a twin cotorsion pair (S, T ), (T , V), then its heart is integral.
Proof. By definition, the heart of (S, T ), (T , V) is B/T , it is already semi-abelian. According to [R, Proposition 6 ], a semi-abelian category is left integral if and only if it is right integral, hence it is enough to show that B/T is left integral. Give any pull-back diagram d admits a conflation C 
where T ∈ T and c admits a conflation
op of extriangulated category in [NP] , we have the following commutative diagram
where a ′ is an epimorphism by [LN, Corollary 2.26 ]. Hence we have the commutative diagram
which implies a is an epimorphism. g admits a conflation B 
(a) g is an epimorphism if and only if
G G g G G C h G G G G D where h factors through T .
(b) g is a monomorphism if and only if g admits a conflation
Proof. We only prove (a), (b) is by dual.
If g is an epimorphism, then by [LN, Lemma 2.8, Corollary 2.26] , it admits a conflation
where T ∈ T , hence h factors through T . Now assume g admits a conflation [NP, Proposition 3 .11], we have the following commutative diagram
We get h factors through T D , hence the second column split by [NP, Corollary 3.5 ]. Now we have
by [NP, Proposition 3 .15], we have the following commutative diagram
where T ∈ T . If there is a morphism y : C → Y such that yg = 0, then yg factors through T B . Then y factors through T , hence y = 0. This means g is an epimorphism. 
we have F J = G, which implies F is an equivalent. We have the following commutative diagram.
Hence we have the following proposition. One typical example of the above observation and proposition is the following:
Example 5.5. Let C be n-cluster tilting. By [LN, Theorem 5 .14], we have a twin cotorsion pair
. Let U = ΩC, B is localizable at U/P, and we have an equivalent
We also have the following example comes from [BM2, Theorem 5.7, Proposition 7.4 
Localization of hearts
In the following sections, we always assume B has enough projectives and enough injectives. Let C ⊂ C be two subcategories satisfying (TRCP). Let C ⊂ C ′ be a rigid subcategory such that
is a cotorsion pair, we have a subcategory H according to the definition. In this case H = CoCone(C, C). The heart H of (C,
We have the following porposition.
Proof. Let B ∈ H, then it admits the following commutative diagram
where P ∈ P, C, C B ∈ C, C ∈ C and V ∈ C ⊥1 . Then we have a short exact sequence 0 → A → U → B → 0 and an epimorphism U
− → B → 0 be a short exact sequence in H, since U is projective in H by [LN, Proposition 4 .8], we have a commutative diagram in H.
Since Hom B ( U , C ′ ) = 0, we have f u = 0. Hence f = 0, which means id B factors through d. Then Ext
By the similar argument as in Theorem 3.11, we have the following proposition.
Proposition 6.2. Any object X admits a conflation
The following remark is useful and it follows by Lemma 3.12.
Remark 6.3. We have
Hence by definition U ⊥ ∩ H = C ′ . Proof. Let B ∈ B, it admits a commutative diagram
Since H/ C = H/C, we have an inclusion η : H/ C ֒→ H. Let F be composition of functor η and the localization functor
Hence we have the following commutative diagram.
We will show the following Theorem, which is an generalization of the first part of [MP, Theorem 3.2] . 
Proposition 6.8. F is dense.
Proof. It is enough to show F is dense.
By Proposition 6.2, any object X ∈ H admits a conflation Proof. Only the "only if" part needs to be shown. If G U (f ) is an epimorphism, for any morphism u : U → X, there exists a morphism v : U → Y such that u − f v factors through a projective object P . Then we have morphisms a : U → P and b : P → Y such that ba = u − f v. Since f is a deflation, there exists a morphism c : P → X such that b = f c. Hence u = f (v + ca), which implies Hom B (U, f ) is surjective.
Proposition 6.10. F is full.
Proof. It is enough to show F is full.
in H and its image is isomorphic to the short exact sequence. Hence
is also an epimorphism, hence by Lemma 6.9, Hom B (U, f ′ )
is surjective for any U ∈ U. Since X 1 admits a conflation
U 1 ∈ U , we have the following commutative diagram
where z factors through P. Hence as in the proof of Lemma 3.14, z factor u, which implies there is a morphism
Hence we have x ′ = f −1 x, which shows F is full.
Proposition 6.11. F is faithful.
Proof. Since ( C, C ⊥1 ) is also a cotorsion pair, we denote its heart by H 0 / C and the associated cohomological functor by H 0 . Since H 0 (C) = 0, We have the following commutative diagram
Hence we have a functor K : H ֒→ B/C → H 0 / C. K(a) = 0 if and only if a factors through C ⊥1 . Now
is an epimorphism since f is an epimorphism. This implies H 0 (f ′ ) = K(f ) is an isomorphism. By the universal property of L SA , there is a functor J : (H) SA → H 0 / C such that JL SA = K. Now assume we have X, Y ∈ H and u, v ∈ Hom B (X, Y ) such that
Example 6.12. Let B be Krull-Schmidt, Hom-finite, k-linear. Assume C is a decomposable object which is basic and rigid, (add C) ∩ P = 0 and E(C, P) = 0. C can be written as
, we assume that C ′ is rigid (note that this is satisfied many cases, for instance, C is 2-rigid), C ′ satisfies condition (TRCP).
The following remark shows H = CoCone( C, C) = CoCone(C ′ , C).
Remark 6.13. In Example 6.12,
2 where C 1 ∈ C and C 2 ∈ C, we have the following commutative diagram:
Hence B ∈ H. If B ∈ H, B admits a conflation B C 0 ։ C 1 , where C 1 ∈ C, C 0 ∈ C, C 1 also admits a conflation C ′ 3 C 2 ։ C 1 where C ′ 3 ∈ C ′ and C 2 ∈ C. Hence we have the following commutative diagram:
Moreover, in such case, the heart H ≃ mod End B (C). Hence by the same method in [MP, Lemma 2 .12], we have E = H/C. Then by Theorem 6.6, E/C ′ ≃ (H) SA .
The dual condition of Theorem 6.6 is given as follows. 
By [LN, Proposition 2.22] , σ + (f ) = 0 if and only if f factors through C ⊥1 . Since C ′ ⊆ C ⊥1 , we have the following commutative diagram. 
where σ − (B) = B − , V ∈ C ′ ⊥1 and f is a right H-approximation, and E( C, f ) is an isomorphism, we call this conflation a coreflection conflation of B. Then dually we have a functor K ′ : H ′ /M → H/C ′ . We prove that K ′ K ≃ id, and dually we can get KK ′ ≃ id, which implies the equivalence between H ′ /M and H/C ′ .
Proposition 7.2. We have a equivalence between functors K ′ K and id. 
Now we get the following theorem. 
